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Abstract

In this paper, we revisit the problem of Differen-
tially Private Stochastic Convex Optimization (DP-
SCO) with heavy-tailed data, where the gradient of
the loss function has bounded moments. Instead
of the case where the loss function is Lipschitz or
each coordinate of the gradient has bounded sec-
ond moment studied previously, we consider a re-
laxed scenario where each coordinate of the gra-
dient only has bounded (1 + v)-th moment with
some v € (0, 1]. Firstly, we start from the one di-
mensional private mean estimation for heavy-tailed
distributions. We propose a novel robust and pri-
vate mean estimator which is optimal. Based on its
idea, we then extend to the general d-dimensional
space and study DP-SCO with general convex and
strongly convex loss functions. We also provide
lower bounds for these two classes of loss under
our setting and show that our upper bounds are op-
timal up to a factor of O(Poly(d)). To address
the high dimensionality issue, we also study DP-
SCO with heavy-tailed gradient under some spar-
sity constraint (DP sparse learning). We propose a
new method and show it is also optimal up to a fac-
tor of O(s*), where s* is the underlying sparsity of
the constraint.

1 Introduction

As one of the most fundamental problems in machine learn-
ing and statistics, Stochastic Convex Optimization (SCO)
[Vapnik, 1999] with its empirical form, Empirical Risk Min-
imizataion (ERM), has been widely studied. Both SCO and
ERM have found numerous applications in many areas such
as medicine, finance, genomics and social science. However,
due to the widespread concerns on privacy, how to handle
sensitive data, such as biomedical datasets, has become a big
hurdle for successful implementations of SCO in practice. To
address the privacy issue, Differential Privacy (DP) [Dwork
et al., 2006] has established itself as a canonical privacy no-
tation for privacy-preserving data analysis.

*Contact Author

The study of SCO and ERM under DP constraint (i.e., DP-
SCO and DP-ERM) has received significant attentions over
the past decade. A long list of works have studied the problem
from different perspectives: [Bassily er al., 2014; Bassily et
al., 2019; Feldman et al., 2020] studied the problems in the
low dimensional case and the central DP model, [Cai et al.,
2020] considered the problems in the high dimensional sparse
case and the central DP model, [Duchi et al., 2018] focused
on the problems in the local DP model.

Even though there are numerous works on DP-SCO, a crit-
ical issue in most existing results is that loss function has to
be assumed to satisfy the O(1)-Lipschitz property, or the un-
derlying data distribution is assumed to be sub-Gaussian or
even bounded. Despite simplifying the procedure of design-
ing DP algorithms, such assumptions are unrealistic and may
not always hold when dealing with real-world datasets, espe-
cially those from biomedicine and finance, as it has been ob-
served that they are often heavy-tailed [Woolson and Clarke,
2011]. The heavy-tailed data could lead to unbounded gradi-
ents and thus break the Lipschitz assumption, which implies
that previous algorithms may fail to provide DP guarantee.
Recently, to tackle this issue, there have been several works
studying DP-SCO with heavy-tailed data [Wang er al., 2020b;
Kamath et al., 2022; Hu et al., 2022] or private mean estima-
tion for heavy-tailed distributions [Barber and Duchi, 2014;
Kamath et al., 2020; Liu et al., 2021]. However, all these
results still need to assume that the distribution of each coor-
dinate of the gradient of the loss function has bounded second
moment, which implies the data is still well-behaved to some
extent. Thus, a natural question is,

Can we further relax the bounded second moment con-
dition to model the data distribution that are more heavy-
tailed? And what are the theoretical behaviors of DP-SCO
with more extremely heavy-tailed data?

In this paper, we revisit the problem of DP-SCO with
heavy-tailed data under more relaxed assumptions. For the
first time, we consider the case with more extremely heavy-
tailed data such that the distribution of each coordinate of the
loss gradient has only bounded (1 + v)-th moment for some
v € (0, 1]. Our contributions can be summarized as follows.

* First, we consider one-dimensional private mean esti-
mation for heavy-tailed distributions. We propose a
novel robust and (e, §)-DP estimator based on truncating
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the data, which achieves an error of O(( 17(;3 5 ) + ”)
where n is the number of data samples. We then show
that our proposed estimator is optimal by providing the

matching lower bound on the estimation error.

¢ Based on the idea in the one-dimensional case, we then
extend to estimate the mean of heavy-tailed distribu-
tion in a general d-dimensional space and use it to
DP-SCO. Specifically, we consider both strongly con-
vex and general convex loss functions for DP-SCO, and
propose (e,8)-DP algorithms that achieve an error of
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we omit other terms. We also provide the lower bounds
under our setting in both (e, §)-DP and e-DP, and show
that our upper bound is optimal up to a factor of Poly(d).

* Finally, to mitigate the high dimensionality issue, we
also study DP-SCO with heavy-tailed data under the
sparsity constraint, i.e., DP sparse learning. Based on
the previous ideas, we propose a new method under our

setting and show that it is possible to achieve an error

of 6((3*) B (%)1%), where s* is the underlying

sparsity. We also proof that the bound is optimal up to a
factor of O(s*).

Due to space limit, all the proofs are included in Appendix.

2 Related Work

As mentioned in Section 1, there are a vast number of works
on DP-SCO and DP-ERM. Due to space limit, here we just
discuss the results that are the most related to ours. For DP-
SCO with heavy-tailed data, [Wang er al., 2020b] first studies
the problem by proposing three methods based on different
assumptions. However, all the three methods need to assume
the distribution of gradient of the loss is sub-exponential or
has at least bounded second moment. [Kamath et al., 2022]
recently revisits the problem under the same assumption as in
[Wang et al., 2020b] and improves the (expected) excess pop-
ulation risk for both convex and strongly convex loss func-
tions. It also provides the lower bounds in both (e, §)-DP
and e-DP models. Note that although some ideas of our algo-
rithms and proofs are the same as theirs, their methods cannot
be used in our relaxed setting and there are several differ-
ences. See Remark 1 and 2 for details.

DP sparse learning has been studied previously [Wang and
Gu, 2019; Wang and Xu, 2019; Wang and Xu, 2021]. How-
ever, all of the previous methods need either the loss function
be Lipschitz, or the data distribution be sub-Gaussian or even
bounded [Cai er al., 2021]. [Hu et al., 2022] recently extends
to the heavy-tailed case where each coordinate of the gradient
has bounded second moment. However, due to their private
estimator, it is impossible to use their methods to the bounded
(14 v)-th moment case. See Remark 3 for details.

3 Preliminaries

Definition 1 (Differential Privacy (DP)[Dwork et al., 2006]).
A randomized algorithm M : X" +— ) satisfies (e,0)-
differential privacy if for every pair of neighbouring datasets

X, X’ € X" (i.e., datasets that differ in exactly one entry), it
holds for VY C Y that

PM(X)eY)<e -PIM(X')eY)+4d.
When 6§ = 0, we call M as e-DP.

Lemma 1 (Adaptive Composition Theorem). Given target
privacy parameters 0 < ¢ < land 0 < § < 1, to ensure
(¢,0)-DP over m mechanisms, it suffices that each mecha-
: . VANV r_ € r_ 6
nism is (¢, ¢')-DP, where ¢ = oGl and ¢’ = 5.
Lemma 2 (Laplacian Mechanism). Given a dataset D € X"
and a function ¢ : X" — R, the Laplacian Mechanism is
defined as ¢(D) + (Y1,Ya,---,Yy), where each Y; is i.i.d.

sampled from the Laplacian Distribution Lap(A%(q)), where
Aq(q) is the ¢;-sensitivity of the function ¢, i.e., A1(q) =
supp.p- ||¢(D) — q(D")||1. The density of the Laplacian
distribution with parameter A is Lap(\)(z) = 55 exp(—%).

Laplacian mechanism preserves e-DP.

Lemma 3 (Gaussian Mechanism). Given a dataset D € X"
and a function ¢ : X" — R<, the Gaussian mechanism is

defined as q(D) + & where £ ~ N(0, wﬂd)’
where Ag(q) is the ¢3-sensitivity of the function ¢, i.e.,
As(q) = supp.p lla(D) — q(D')]|2. Gaussian mechanism
preserves (¢, §)-DP.

Definition 2 (DP-SCO [Bassily et al., 2014]). Let D be
some unknown distribution over the data universe &X' and
X ={x1,...,z,} € X™ be i.i.d samples from the distribu-
tion D. Given a convex constraint set YW C R? and a convex
loss function £ : W x X — R. Differentially Private Stochas-
tic Convex Optimization (DP-SCO) is to find wP™" so as to
minimize the population risk, i.e., Lp(w) = Eywp[l(w, x)]
with the guarantee of being differentially private. The utility
of an algorithm 4 for DP-SCO is measured by the expected
excess population risk, which is defined as follows:

min Lp(w)

errp(wPY) = Ex~pn, 4 Lp(wP) — i,
we

4 One-dimensional Private Mean Estimation
for Heavy-tailed Distributions

Before studying DP-SCO with heavy-tailed data, we start
from the one-dimensional private mean estimation for heavy-
tailed distributions to illustrate the idea of our following
methods more clearly. Here we assume the data distribution
has bounded (1 4 v)-th moment with some v € (0, 1]. For-
mally, we are given a dataset X = {z1,...,x,} with each
z; € R sampled from the one dimension distribution D such
that E,p[|z|'T%] < u = O(1). ' We aim to privately es-
timate the mean of the distribution, i.e., p = E,p[z]. Note
that here we use the raw moment, which also implies that its
central moment is bounded, i.e., E,p[|z — E,wp[z]|}T?] <
O(1), and vice versa. See Lemma 13 in Appendix for details.

We propose a private and robust estimator based on trunca-
tion. Specifically, for each data sample z;, if its magnitude is
within the designed threshold B then we will keep it, other-
wise we set it be 0. After the preprocessing, each sample now

'Throughout the whole paper we assume that v and u are known.



Algorithm 1 Truncation Based DP Mean Estimator:
DPODME._T, 5¢(X)

Input: Datasamples X = {z;}! ,,z; € R. Parameters ¢, d,

Output: A private mean estimator zi 6 R
1: Truncate each data sample x; by  « ;- 1z,1<B> where

T+o
B = une
log %1/1 g —1'525

2: Get the robust mean estimator fi < - Zl LTk

2°

3: return ji < Ji + v, where v ~ N(0, 22log1 2).

is bounded in [—B, B]. Thus we can add Gaussian noise to
the mean of the truncated data. See Algorithm 1 for details.

Theorem 1. For any 0 < ¢d < 1, Algorithm 1
DPODME_T 5¢(X) satisfies (e, d)-DP. Moreover, given
any failure probability &, with probability at least 1 — &, the
output p satisfies

log L4 /log L\ ™%
b zof (21 )
ne

Remark 1. When v = 1, the error becomes O( F) (if we

omit other terms), which matches the bound in [Wang et al.,
2020a] and is optimal [Kamath et al., 2020]. However, previ-
ous results are for the case where the distribution has bounded
second moment. Here we relax it to the case where the dis-
tribution only has its (1 4+ v)-th moment bounded. Thus, our
method can be thought as a generalization of the previous
results. Recently [Tao et al., 2022] also considers a simi-
lar problem. However, there are several differences: First,
[Tao er al., 2022] focuses on the online setting in the e-DP
model while we consider the offline setting and the (e, 0)-DP
model. Secondly, the methods in [Tao er al., 2022] are based
on the tree mechanism and Laplacian mechanism, while we
mainly use the Gaussian mechanism. Thus, our error bound
is lower. Thirdly, besides the upper bound, we also show that

the bound of O((u#l (i)l%ﬂ)) in Theorem 1 is optimal by
showing its lower bound in the Theorem 2 below, which has
not been studied in [Tao et al., 2022].

Theorem 2. There exists a distribution D with mean p and
its (14 v)-th raw moment is bounded by w. For any (e, 6)-DP
algorithm, its output 1 satisfies the following with at least a
constant probability

il 0(urt (1)),

ne

When v = 1 and v = 1, our result will be equivalent to
the lower bound in [Kamath et al., 2020]. Thus, Theorem 2 is
a generalization of the previous result on the lower bound of
private mean estimation for heavy-tailed distributions. More-
over, besides the (¢, §)-DP model, the lower bound also holds
for any e-DP algorithm.

5 DP-SCO with Heavy-Tailed Data

In this section, based on the previous one dimensional private
mean estimator, we provide our methods for DP-SCO with
heavy-tailed data. Before that, we provide the assumptions
that will be used throughout the section.

Definition 3 (Lipschitz). A function f : W — R is L-
Lipschitz if for all wy, wes € W we have |f(w1) — f(w2)]| <
Lllwy — w22

Definition 4 (Strong convexity). A function f is a-strongly
convex on W if for all wi,ws € W we have f(w;1) >
f (w2) + (Vf (wn) ,wr —ws) + § wr — wnl];.
Definition 5 (Smoothness). A function f is S-smooth on
W if for all wy,wy € W we have f(w1) < f(ws) +
(Vf(w2), w1 —wa) +

Assumption 1. We make the following assumptions:

By — walf3

1. The parameter space W is convex and bounded with di-
ameter A, i.e., for Vwy, wy € W, ||lwy — w2 < A.

2. The loss function ¢(w, x) is non-negative and differen-
tiable for all w € Wand z € D.

3. The population risk Lp(-) is S-smooth over W. For any
w € W, the gradient of the population risk function sat-
isfies [|[VLp(w)|l2 < R = O(1). Moreover, the op-
timal solution w* = argmin,eyy Lp(w) satisfies that
VLD(IU*) =0.

4. For any w € W, the distribution of each coordinate of
the gradient of the loss function has bounded (1 + v)-
th (raw) moment with some v € (0, 1], i.e., there is a
constant u > 0 such that E,.p[|Vj(w,z)[**] < u
forall j € [d].

There are several notes on the terms in Assumption 1.
Firstly, the first three terms in Assumption 1 are commonly
used in the previous works on DP-SCO with heavy-tailed data
[Kamath et al., 2022; Wang et al., 2020b]. The fourth con-
dition assumes that the gradient of the loss is heavy-tailed,
which is a commonly used assumption in the study of robust
learning with heavy-tailed data. However, as mentioned pre-
viously, most of those works only assume that the gradient
has at least bounded second moment while here we relax to
the (1+4v)-th moment. Moreover, we can see it is a relaxation
of the Lipschitz condition that |V Lp(w)]||2 < L for all w.

In Algorithm 2, we propose our framework. The idea of the
algorithm is quite straightforward: we use the private version
of Projected Gradient Descent (PGD). Specifically, in each it-
eration ¢, we first privately estimate the vector V Lp (w;_1)
by using gradients {V{(w;_1,x;)}",, where w;_; is the
current parameter. Then we update the parameter via the
PGD. In the classical setting where the data is regular or the
loss function is Lipschitz, we can use the Gaussian mecha-

nism to the average of the gradients M to get
a private estimation of VLp(w;_1). However due to the
heavy-tailed assumption on gradients in Assumption 1, in our
problem we cannot use the same approach directly as now the
{5-norm sensitivity maybe infinite. Thus the main difficulty is
designing private estimator for VLp(w) = E,wp[VE(w, x)],



Algorithm 2 DP-SCO¢ 5., 1,~

Input: Data samples X = {z;}’; C R? parameters
€0, T, T.

Output: Private minimizer wP',

1: fort < 1,--- T do

2: if / is convex then 5
. _ / € /
3: Set X; = X, ¢ «+ AT ,72T10g(2/6)’6 — 7
4: else if / is strongly convex then
5: Set Xi = {T(t—1)n/T415" " > Tn/T}-
6: Set € < €,0" < 4.
7: end if
8: VIp(wi_1) < DPHDM@ef,(;/?T({VE(wt,l, ) }rex)
9: wy < Projyy(wi—1 — nVLp(wi—1))
10: end for
11: if Lp(-) is strongly convex then
12: Set wP™V «— wp
13: else if Lp(+) is convex then
14 SetwP™ < 135,y wy
15: end if

16: return wPv

which could be seen as an instance of the private mean esti-
mation in the d-dimensional space.

In Section 4 we considered the case where d = 1. Now
we will use its idea in the general high dimensional case. Our
estimator is presented in Algorithm 3. For each coordinate,
we first partite the whole dataset into m subgroups. Then in
each sub-dataset, for each coordinate, we truncate the data
and calculate the mean of the truncated data. Finally, we use
the traditional Median of Means (MoM) method in each co-
ordinate, i.e., for each coordinate, we calculate the median
among the means of these m subgroups, and add Gaussian
noise to ensure (¢, §)-DP.

Theorem 3. For any 0 < €,0 < 1, Algorithm 3 is (e, §)-DP.
Moreover, assume each data x; ~ D where the distribution D
satisfies: (1) D has the mean p € R% and ||u|[2 < R = O(1);
(2) Ey;~p|[z:]j|*° < w for each j € [d]. Then for any
given truncation parameter 7 € R and failure probability &,
with probability at least 1 — &, Algorithm 3 outputs a private
mean estimator i € R? such that,

72 = ll2 < o(ﬁ(uliv (1ogg)11,, + )

n Tv
Al )Ty

where the Big-O notation omits the term of R.

Remark 2. To privately estimate the mean of heavy-tailed
distributions with bounded second moments, in general there
are three approaches: The first one is directly using one di-
mensional private estimator to each coordinate [Wang et al.,
2020b; Wang et al., 2020a]. However, the bound of this ap-
proach is only sub-optimal. [Kamath et al., 2020] proposes a
method which aggressively truncate the distribution around a

Algorithm 3 DP High-Dimension Mean Estimator
DPHDME; s - (X)

Input: Data samples X = {z;}" ,,2; € R% Parameters ¢,
o, T
Output: A DP mean estimator i € R?

:m <+ 4log (E>

1
13
2: forj < 1,--- ,ddo
3 fork < 1,--- ,mdo
4. fori«— (k—1)-2+1,--- k-2 do
3 [i]; = [@ily - Ly i<r
6 end for
7 “? = %Zz:l[a’ﬂj
8 end for
9: fij  median(fj, i, -, A7)
10: end for

11 /7(- (/717/727"' 7ﬁd)
12: return fi < [ + v, whereuwN(O,

872m2dIn 125
Téld)

point, and compute the noisy empirical mean. However, their
theoretical guarantee only holds with constant probability. In-
stead of these two approaches, here we adopt the idea of the
third one, which is a private version of the MoM method and
was recently proposed by [Kamath et al., 2022]. However,
there are two crucial differences: First, the truncation step is
quite different, [Kamath er al., 2022] truncates each data into
an interval [a, ], i.e., for the sample x, if z > b then we will
let ' = band if x < a then we will let 2’ = a. However, our
approach could be seen as thresholding, i.e., when |z| > T
then 2’ = 0. Second, to get the theoretical guarantee, [Ka-
math et al., 2022] needs Lemma 4.4 in [Kamath et al., 2020]
(or Lemma A.2 in [Kamath et al., 2022]), which only holds
for data distributions that have at least bounded second mo-
ment. Thus, we cannot adopt their approach in our setting. To
overcome the challenge we provide the following lemma on
the concentration of heavy-tailed distributions, which is the
key to prove Theorem 3.

Theorem 4. Let z1,x2, - ,x, € R be i.i.d. random vari-
ables with bounded (1 + v)-th moment, i.e., for Vi € [n], we
have E[|z;|}**] < M for some constant v € (0, 1]. Let u be

E[z,], Vi € [n]. Then
zt) < SM 1 (1)

1 n
P<n;“‘i‘“ P

Based on Theorem 3 and the convergent rate of PGD, we
give the accuracy guarantees of Algorithm 2 by considering
both general convex and strongly convex loss functions.

Theorem 5. For any 0 < ¢,6 < 1, Algorithm 2 is (¢, ¢)-DP.
Theorem 6 (General Convex Case). Suppose we have a DP-

SCO problem satisfying Assumption 1. Taking 7' = %,
n= RA\/T and 7 = ( /2 T in Algorithm 2, then the out-

put wP™Y = 4 37, iy w' satisfies

1+4

v 3+12v
errp(wPY) < O Au? dz”lf + d2+23vv ,
(en) ™ (en)T+v




where the Big-é notation omits all the logarithmic terms and
R.

Theorem 7 (Strongly Convex Case). Suppose we have a DP-
SCO problem satisfying Assumption 1, and additionally the
loss function ¢(+, x) is a-strongly convex for every € X.

Taking parameters 7' = log (%)/log (%)

= =L and r = (é% )m in Algorithm 2, then the

output wP"Y = w7 satisfies

~<(A+1)2(a+ﬂ) L d )

2
errp(wP™) < O wite _
(™) a?f (en)TFs

where the Big-é notation omits all the logarithmic terms and

R.
When v = 1, the rate becomes 6( d5/41 + dls/;) and

(n)? | (ne)?

5(%) for convex and strongly convex case respectively.
These bounds are consistent with the best known result in
[Kamath et al., 2022]. However, the methods in [Kamath et
al., 2022] cannot be extended to the case where v € (0, 1).
In the following we show that the term of O( 1 ) and

(en) 1+v

O(ﬁ) is optimal for convex and strongly convex loss
(S'I’L) 1+v

in (e, §)-DP respectively. Moreover, we provide lower bounds
in the e-DP model.

Theorem 8 (Lower Bound of Strongly Convex Loss). As-
sume )V is the unit norm ball. For any v € (0,1],
there exists a strongly convex and smooth loss function
¢ : W x RY — R such that, for any e-DP algorithm
A, there is a distribution D over R? such that for any w,
sup;c(q) Exnn[|Vl(w, z)|'*] < u, the output wP™Y of A

143w

satisfies the following if n. > Q(uvd 2 /€)

. 2 d Sy
errp(wP™) > Q <u1+vd<> > .
en

For any (e,0)-DP algorithm A with ¢ < log3, there

is a distribution D over R? such that for any w,
sup; (g Exnn[|Vil(w, )" 7] < w, its output wP™ satis-

14

fies the following if n > Q(u% \/@d 20 /o)

2v
) \/dlog :\ T
errp(wP™) > Q(ulivd<6> )

€en

Theorem 9 (Lower Bound of Convex Loss). Assume W is
the unit norm ball. For any v € (0, 1], there exists a convex
and smooth loss function £ : W x R? ~ R such that, for any
€-DP algorithm A, there is a distribution D over R4 such that
for any w, sup;eig Eenn |Vl (w, z)|" ] < u, its output
wP™Y satisfies the following when n > Q(d/e)

v

. . d\"™
errp(wP™) > Q<u1+v\/g<> )
en

For any (e,0)-DP algorittm A with ¢ < log3, there

is a distribution D over R? such that for any w,
supjc(g Eznn[|V;€(w, z)[' 7] < w, its output wP" satis-

fies the following when n > Q(/dlog + /€)

_ . \/dlog % T+
errp(wP™) > Q[ um Vd| Y—= .

€n

When v = 1, all the rates in Theorem 8 and 9 match
the lower bounds in [Kamath et al., 2022]. Thus, our re-
sults can be seen as extensions of the previous results. In
Theorem 8, the gap between the rates in e-DP and (e, §)-DP
is O(d™ ), while it is O(d?3+ ) in Theorem 9. This is
quite different with the case when the loss is Lipschitz [Bass-
ily et al., 2014]. To prove the lower bounds, we first re-
duce the problem to mean estimation, and then we use the
private version of Fano’s lemma in [Acharya er al., 2021;
Kamath et al., 2022], based on the packing of distributions
in [Barber and Duchi, 2014].

6 Differentially Private Sparse Learning with
Heavy-tailed Data

In the previous section, we studied the general case of DP-
SCO under the assumption that the distribution of each co-
ordinate of the loss gradient has (1 + v)-th moment. How-
ever, one weakness of our previous results is that, all the error
bounds are in the form of O(Poly(d, +, 1)), which indicates
that the error will be large in the high dimensional case where
d > n. Moreover, we also showed that in general these
polynomial dependencies are unavoidable. Thus, to address
the high dimensionality issue, in this section, we focus on
some special cases. Specifically, we will study the problem of
DP-SCO under sparsity constraints, which is also called DP
sparse learning, i.e., W is defined as W = {w : ||w]]p < s*}.
We note that such a formulation encapsulates several impor-
tant problems such as the fy-constrained linear/logistic re-
gression [Bahmani et al., 2013]. In this section, unlike the
previous results on DP sparse learning which need strong
assumptions on data distribution, we study the problem un-
der the assumption that the gradient has only (1 + v)-th
moments. We first introduce some definitions to the loss
functions, which are commonly used in previous research on
sparse learning.
Definition 6 (Restricted Strong Convexity, RSC). A differ-
entiable function f(z) is restricted p,.-strongly convex with
parameter  if for any x, 2’ with ||z — 2/||¢ < r, we have
fl@) = f(a') = (Vf(@@'),x —a') > B[z — 2'3.
Definition 7 (Restricted Strong Smoothness, RSS). A differ-
entiable function f(x) is restricted ~y,-strongly smooth with
parameter 7 if for any x, 2’ with ||z — 2'||¢ < r, we have
f@) = f@@) = (V@) z —a') < Flla — |3

Note that RSC and RSS are weaker than the strong con-
vexity and smoothness. Next we propose the assumptions
that will be used in this section.
Assumption 2. We assume that the objective function Lp(-)
is u-RSC and ¢(w, x) is v,-RSS with parameter r = 25+ s*,



Algorithm 4 Peeling(v, s, €, 5, A)[Cai et al., 2021]

Algorithm 5 Heavy-Tailed Private Sparse Optimization

Input: A vector v € R of a dataset X, sparsity s, privacy
parameter ¢, d, and noise scale A.
1: Initialize S = 0.
2: fori < 1,---,sdo
3: Generate w; € R¢

Lap(4)"/25 log %)

€

Append j* = argmax;cq)\ s |v;] + w; ; to S.

end for
(4)\\/2510g 5 )

with w1, -+ ,wiq ~

)

Generate w € R with @y, - -
return vg + wg.

wq ~ Lap

A A

where s = O((Z*)2 s*). We also assume for any w € W/,

the distribution of each coordinate of the gradient of the loss
function has bounded (1 4 v)-th (raw) moment with some

€ (0,1], i.e., for each j € [d], E[|Vjf(w,z)[**"] < u,
where W = {w|||w]|o < s}.

There are many problems satisfying Assumption 2, e.g.,
mean estimation and ¢5-norm regularized generalized linear
loss where Lp(w) = E[(((w,z))] + 3|lwl|3. If [¢'(-)] <
O(1), |€"(-)] < O(1) (such as the logistic loss) and x; has
bounded (1 + v)-th moment, then we can see that it satisfies
Assumption 2.

Our method can be found in Algorithm 5, which is built
upon the ideas of our previous private one dimensional mean
estimator for heavy-tailed distributions and the Iterative Hard
Thresholding method [Blumensath and Davies, 2009]. In de-
tail, in each iteration, we first perform the truncation step
to each coordinate of the gradient of the loss to get one-
dimensional mean estimator. Next, unlike the one dimen-
sional private mean estimator in Algorithm 1 where we add
Gaussian noise to the mean of the truncated gradients, here
we privately select top s indices via the Peeling mechanism
(shown in Algorithm 4). This is due to that if we use Algo-
rithm 1 to each coordinate, then the magnitude of the noise
we add will depend on polynomial of d, which is large. How-
ever, using the Peeling mechanism will introduce an error that
only depends on polynomial of s and log d. In the following
we show the theoretical guarantee of our algorithm.

Theorem 10. Forany 0 < ¢, < 1, Algorithm 5 is (¢, §)-DP.
Moreover, under Assumption 2, given any failure probability
§if weset T = O(I=logn), s = O((2 )2s%), no = 3,2yr

1

) lv ) , then with probability

YrUne

and B = O((Tlog%\/slog%

atleast 1 — &,

2v
i 20 lognlogd 10g1 Trv
ET’T‘D(wPriv) < O((S*) 11_:_21, Uli“ ( 13 ) 7
ne

2

where the Big-O notation omits 7, and ..

Compared with the results in Section 5, we can see that in
Theorem 10 the bound is only logarithmic in d and polyno-
mial in s*, 1 and X, which means it is more suitable to the
high dimensional case.

Input: Data samples X = {x;}", C R? parameters
s, T, n, initial s-sparse parameter w", privacy parameter
€,0.

Output: Private minimizere wpri"

1: Split X into T parts {X,}{_, with |X;| =m = Z.

2: fort <+ 1,---,T do.

3: for each dimension J € [d] do

4 for each data sample x € X; do

5: Vjﬁ’(wt,x) — ij(wt,l‘)‘mng(wt?z”SB
6: end for

7 end for

8 Get the robust gradient estimator g*(w?!, X;):

[gt(wtht)]j «— % Z Vil (w', x).

rEX¢
9: Denote w05 « w! — nygt (w?, X)
10: Let w'*! < Peeling(w!*05 5, ¢, 6, 2?,:’0 ).

11: end for

12: return wP™V « T+,

Remark 3. For DP sparse learning with Lipschitz loss or reg-
ular data, [Wang and Xu, 2019] provided an upper bound of

O(n262) Moreover, for high dimensional sparse mean esti-
mation and Generalized Linear Model (GLM) with the Lips-

chitz loss and sub-Gaussian data, [Cai et al., 2020; Cai et al.,
~  kq * 2
2021] provided optimal rates of O (2 I;L)g’d + & (,llig);f) ). We
can see that compared with these results, the error bound now
1420 2
becomes O((S)Hijf1+
(ne) T+v

) due to data irregularity. When

= 1, the error bound now becomes to O( ), which

matches the result in [Hu et al., 2022]. Thus, our result can
be seen as a generalization of the previous ones.

ne)

One open question is whether we can further improve the

rate of error in Theorem 10. In the following we show that
the bound is optimal up to a factor of O(s*).
Theorem 11. For W = {w € R? : ||w|¢ < s*} and any
v € (0,1], there exists a strongly convex and smooth loss
function £ : W x R? — R such that, for any e-DP algo-
rithm A, there is a distribution D over R< such that for any
w, supje(q) Eenn ||Vl (w, )| 1] < w, its output wP sat-
isfies the following when n > Q(s* log d/¢)

1+u
GTT‘D(wpriv) > Q(uli (S 10gd> )
en

For any (e, 6)-DP algorithm A with ¢ < logi,
there is a distribution D over R? such that for any w,
SUpjciq) E.p[|Vjl(w,z)[*T°] < u, its output wP™Y satis-

s*logdlog % /€)

) ,/s*logdlog% =
errp(wP™) > Q| utv | Y= .

en

fies the following when n > Q(
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A Some Useful Results
Lemma 4 (Tail Bound of Laplacian Vairable [Dwork et al., 2006]). If X ~ Lap(b), then
P(IX| > ¢ D) = exp(—).
Lemma 5 (Tail Bound of Gaussian Variable). If X ~ N (u,0?), then
2

P(X >p+1t) < eXp(—ﬁ

).

Lemma 6 (Bernstein’s Inequality [Vershynin, 2018]). Let X1, - - - X, be n independent zero-mean random variables. Suppose
|X;| < M and E[X?] < s for all i. Then for any ¢ > 0, we have

]P’{liX>t}< ( %tQ")
n i= =X s—i—%Mt

Lemma 7 (Chebyshev’s Inequality). Let D be a distribution over R¢ with bounded (1 + v)-th moment for some v € (0, 1].
Then the following holds for any ¢,

Eflzl™]

Porn([lz]l2 > 1) < T

Lemma 8 (Jensen’s Inequality). Let X be an integrable, real-valued random variable, and v be a convex function. Then
P(E[X]) < E[p(X)].
Lemma 9 (Holder’s Inequality). Let X,Y be random variables over R, and let £ > 1. Then,

k=1
k

1
El XY < E[IXI)* (E[IvI=])
Lemma 10. Given a random variable X with E[| X |1*¥] < u for some v € (0, 1], for any B > 0 we have
E[X1 x/sp] < —
|X[>Bl] = Bv’

Proof of Lemma 10. The the definition of expectation we have
o0
u>E[X[1TY = / (1 + o)t IP(|X| > t)dt
0

z/ PP(X| > t)dt
B

> B”/ P(|X| > t)dt

B
:Bv/ P(XH|X‘>B>t)dt
0
= B'E[X1 x> 5]
O
Lemma 11. ([von Bahr and Esseen, 1965, Theorem 2]). Let X1, .- , X,, be independent random variables over R such that
for Vi € [n], E[X;] = 0 and E[| X;|**"] < oo, where v € (0, 1]. Then
IS x| <23 E[x
’Zi:1 i = Zi:l [‘ i ] ’
The lemma imples the following result:
Lemma 12. Letzy,..., 7, € R be independent random variables such that for Vi € [n], we have E[z;] = 0 and E[|z;|**?] <

M for some v € (0, 1]. Then

n

1+v oM
<

n’U



Proof. Note that E[z;] = 0 and z;’s are independent, according to Lemma 11, we have E[| Y7, z;|'™V] <2 Y E[|z;|' ] =
i=1

2nM for v € (0, 1]. Thus we have

n 1
n

*”] omM  2M
< = —
— n1+v nv

O

Lemma 13 (Relation between Raw Moment and Central Moment). Let x be a random variable over R such that with mean p
and (1 + v)-th raw moment bounded by a constant M, i.e., E[x] = p and E[|(z, X')|'T¥] < co where X € S%~! is an arbitrary
unit vector and v € (0, 1]. Then we have

El[{ — u, X) "] < 4E[|(z, X)['F].

Moreover, when E[|(z — u, X')|'*?] < oo for an arbitrary unit vector X’ then we have

E(|(z, X)"] < 2B[([(z — p, X)) + 2|l
Proof. When E[|(z, X)|'T¥] < oo then

E[[(x — p, X)) (@, &) = (u, X))

(@, D)+ | (, X))
@, X)) + 2B {, )]
1+0] 4 2|, XY
+2|(Efz], 2)[
+2[E[(w, X))
+ 2E[|(z, X))

E[
E[2

IN

2E
=2E
=2E
=2E
<2E
=4E

|

(
(z,
(x, X
(z, XY+
(v, X

z,

x)
>|1+v
)
)

|1+v

(
|
|
|
|
|
|

[
[
[
[
[
[

(, X))+

)

where the first inequality is due to the inequality (6) of [von Bahr and Esseen, 1965], and the last inequality is due to Jensen’s
inequality (Lemma 8).
When E[|(x — u, X)|1T¥] < oo then we have

Ef|(z, X)) < 2E[[(z — 1, X)) + 2| pulla ™
O

Since the proofs will involves the private minimax risk, we first introduce the classical statistical minimax risk before dis-
cussing its private version. More details can be found in [Barber and Duchi, 2014].

Let P be a class of distributions over a data universe X'. For each distribution p € 7T, there is a deterministic function
O(p) € T, where T is the parameter space. Let p : 7 x T :— R be a semi-metric function on the space 7 and ® : R — R,
be a non-decreasing function with ®(0) = 0 (in this paper, we assume that p(z,y) = ||z — y|| and ®(z) = x unless specified
otherwise). We further assume that X = {X;} ; are n i.i.d observations drawn according to some distribution p € P, and
Q : X™ — © be some algorithm whose output Q(X) is an estimator. Then the minimax risk in metric ® o p is defined by the
following saddle point problem:

Mn(0(P), ® 0 p) = inf sup Ex~pr @[ ®(p(Q(X),0(p))],

where the supremum is taken over distributions p € P and the infimum over all estimators ¢ (.X).
In the (¢, d)/e-DP model, the estimator Q(X) is obtained via some (e, d)/e-DP mechanism . Thus, we can also define the
(¢, 0)/e-private minimax risk:

Mn(0(P),Q,® 0 p,€ 6) := inf infsup Ex.pn q[®(p(Q(X),0(p))],
QEQ § peEP

where Q is the set of all the (¢, d)/e-DP mechanisms. When § = 0, we denote it as M, (6(P),Q, P o p,¢€)
Next, we recall two private Fano’s Lemmas given in [Acharya et al., 2021; Kamath erf al., 2022].

Lemma 14 (Theorem 2 in [Acharya et al., 2021]). Consider a set of distributions V = {p1,pa,- -+ ,par} € P such that for all
i # Js
s 2(p(0(pi),0(pj)) >



e Dk, (pi,pj) < B, where Dk is the KL-divergence,

* Drv(pi,pj) <7
then we have

Ma(O(P), Q20,0 = 12 3 By @l®(p(@(X),0))] 2 max{5(1 -
1€[M)]

npB + log2 . M
1Og7]\/[),0.401 min{1, M}}' 3)

Lemma 15. [Theorem 1.4 in [Kamath et al., 2022]] In the case where ¢ < log %, consider a set of distributions V =
{p1,p2, + ,pm} C P such that for all i # j,

* ®(p(0(pi), 0p;)) >
* Dir(pi,pj) < B, where D, is the KL-divergence,

* Drv(pi,p;) <7,
then we have

1
Mn(e(P)anq) Opvea(s) > M Z EXNP?,Q[(I)(p(Q(X)ae(pz))]
1€[M]
Aot (n®y2 +ny(1 — 7)) + log 2
ngax{lfnﬂ+10g2,l—4lg5 }.
2 log M log M

Proof. The proof is directly followed by Theorem 1.4 in [Kamath et al., 2022] where we know that each p = (1/log 3 + € —
\/10g 3)2-zCDP is (e, §)-DP. Since (\/log 14e— \/log 1)~ ﬁ when €2 < log %, we can get the proof. O

1
5

B Omitted Proofs in Section 4

Proof of Theorem 1. For the proof of DP, note that the sensitivity of 7 is %. Then the guarantee of DP follows directly from
the Gaussian Mechanism. Next we focus on the utility. With probability at least 1 — 3£, we have

_ 1«
h—pl=|=) @il < +v—Ez
n =1
1 n
<|= ) _ i1l <p — Ez| + v
n -
=1
1 n
== @il <p —Elz- 1<l + E[r - 15<p] — Ex| + [v]
n =1
1 n
< |- i la<p —Elo- La<pl| + [Elz - 1pj<p] — Ea| + ||
=1
1 n
= =D @i lp<n —Elo - Lpi<p]| + [Elr- 1 p]| + ]

=1
2B1-vylogt Blogi 4v/2B 1.2 1
< £+ E4 0y V2 \/log—g),/logf, 4)
n 3n Bv ne 6 &

where the last inequality is due to lemma 10, the lemma 5 that with probability at least 1 — 2¢,

4v2B 1.25 1
< log ——4/log =
vl < — —/log =5/ 8¢
and the lemma 6 that with probability at least 1 — &,
2Bl1-vylogt Blogi
</ Sy —= 5)
n 3n

1 n
- Z% 1z, <8 — E[X - 11x<5]
i=1




1

1+v
Since B = (1 une ) and € < 1, we can bound each term in (4) as follows,
og ¢4/log 2

lo,

2v 20 v
2_ 1-u I+v 2 T+o T+o
2Bl—vu10g% 2u TV eTTv (log %) QT (log% ( log 1.(?5)
I S <
1-v — 2v v
! nite ( log 125) Ttv ni+e T
)
2v 12#/
= 1) 1.25 )
2u T+ (log 5) ( log =5 )
S 2v 2v
n1+v 61+v
1.25 1 T
Vautt yflog 14 log ¢
= u v
ne ’

v 1 Ho

2B [ 1.25 1 Vlog 12\ 1\ 75
2(14+v
———4/log ——4/log = = WouTs | =0 log -
ne 1) ¢ ne £
\/log 22 Jog L o
S 4\/§u 141»1; # .

ne

Based on (6), (7), (8), (9), we can conclude that, with probability at least 1 — 3¢,

v

+/log % log % o

ne

i — | < ur

(6)

)

®)

€))

(10)

O

Proof of Theorem 2. First, we construct two distributions that are close and show that any (¢, §)-DP algorithm that distinguishes

between them requires a large number of samples. The result is shown in the following lemma.

Lemma 16. Let ¢,0,« > 0. Suppose D; is an one-point distribution over {0} and D5 is an binomial distribution defined as

follows:

T, W.p. D
D, &
? {O, 0. W.

. .. 14v
where T is a positive such that p7 = a and o™

_1
= puv (thatis, T = (%) ™). Then the following holds.

1. The ((1 4 v))-th raw moment of D5 is bounded by u, i.e., Exp,[|z[1T"] < u.

2. Any (e, 6)-DP algorithm that distinguishes between D, and D5 with a constant probability requires at least

L samples.



Proof. The first part follows from direct calculation.
Ex~p, [ X[ =pr"™ = u (1D

Next we focus on the second part. Note that |Exp, [X] — Ex~p,[X]| = a. Suppose we take n samples each from D; and
D,, then by Theorem 11 of [Acharya er al., 2018], we know that any e-DP algorithm that distinguishes between D; and D-
with a constant error probability must satisfy
14w
v 1
pn:a T neQ(),
uv €

1
€EQ v

Thus, by using the equivalence of pure DP and approximate DP for testing problems (e.g., Lemma 2 and Lemma 3 of [Acharya
et al., 2018]), we conclude the proof. O

which gives

Next we back to the proof of Theorem 2. It can be concluded from Lemma 16 that, any (¢, §)-DP algorithm takes at least n €
1 . . ~ ~ . oy .
Q (u v mﬁ) samples to get an estimation i for y such that |fi—u| < § with a constant probability. Finally, we show that, even

if the algorithm takes enough samples, we must have |1 —pu| € (uﬁrl (—)ﬁ) If not, we have [i—pu| € o (uvil (i)l%v),

ne ne

. S N . 1 1 1 o . .
ie,a € o(u"(--)T ). Then according to n € Q (u"+T —i ), we have n € w | ————=% | = w(n), which is

v
‘ ea v e((Z)THv) e

impossible. Thus the lower bound concludes. O

C Onmitted Proofs in Section 5

Proof of Theorem 3. For the proof of DP, we first bound the sensitivity of the non-private ji. Fixing a dimension j € [d], for
two neighbouring dataset X and X', we have |11;(X) — 7i;(X')| < 22 Therefore, the {5 sensitivity of /i is upper bounded

by 2””7‘/3. Thus, by the Gaussian mechanism, Theorem 3 is (¢, ¢)-DP.
For the upper bound, we first show the accuracy guarantees of the non-private estimator ji. We analyze the algorithm
coordinatewisely. For a fixed dimension j € [d] and a fixed sample batch &,

!ﬁ?*/ﬂ:% Sl

1z 1< — Elfz]y]

I

SE
(]
)

i=(k—1)- 2 +1
o2
= % > [l Yy ir — Bl L <0] + Bl - 1, <0] — Ellaly]
i=(k—1)- = +1
k.

Lei<r — Ell2]y - Yayy<r)| + [Ell2]; - Lyja), <] — Ea|

IA
S E
.
< g
B

m

B [ils - Ly 1< = Ellels - Ly <)) + [Ellels - L, i>-1] (12)

The first term in (12) can be bounded According to Theorem 4 as

k-2
mn m\ 1+v

The second term in (12) is bounded in Lemma 10 such that

E[[2];1)[2,1>+] < % (14)

T



For batch k, denote &, as the event that

n
km

m 1 /MmN T
— > il Yy <s — Elle) - 1, <a]| < (80u)T (Z)
i=(k—1)-2 41
Note that fi; = median(ﬁjl-, “++,[17"). Suppose ji; = ﬁ?o, ko € [m], event &, happens if and only if at least a half events in
{&r}7~ | happens. By Hoeffding’s inequality,
ko5 v
m 1 m\ 1+v _m
Pll— > [l Leyics —Ellaly Ly i<n]| < (80u) = (;) T <t (15)
i=(ko—1)- 241
Apply the union bound to all the dimensions, and combine the result with (14), we get
P<ﬁ—u||2 > ﬂ((sou)liv (%)™ +“>) <d-et<t (16)
n TV 2
Next, we consider the private estimator 1. Since the noise v ~ A (0, 02) , where 02 = 87;222‘22‘1 In % -Igx 4, by the tail property
of chi-squared distribution,
1
P <||I/|2 > 20 (\/ﬁ—k log <€>>> < g (17)
Note that ||z — pll2 < ||z — p]| + ||~||2, we conclude the proof by the union bound. O
Proof of Theorem 4. By Lemma 13, we have E[|x; — pu|**¥] < 4M. According to Lemma 12, we have
1 T sm
E — i < . 18
| DI (1)
Follow Chebyshev’s inequality, we have
1 n 1+v
1 & E[‘ﬁzizlzi*lq ]
P(ani—u zt)s T (19)
i=1
8M 1
S 20)
_1
Sett = (%ﬁw) v we have
1
I 8OM\ T+ 1
P |- i — | > < = 21
(5] = (97) =5 o
O
Proof of Theorem 5. By the composition property of DP (Lemma 1), Algorithm 2 preserves (e, §)-DP. O

C.1 Proof of Upper Bounds

Algorithm 6 SCO Framework SCOF, 1 MeanEstimator(X)

Input: Data samples X = {x;} |, z; € R, algorithm MeanEstimator, parameters 1, T".
Output: Iteratives {wy, wa, - ,wr}.
1: fortt 1,---,7T do
2 VLp(wi—1) = MeanEstimator({VE(wi—1, %) }zex,)
3: wy = Projyy (wi—1 — nV.Lp(wi—1))
4: end for
5: return {w,wsg, -+ ,wr}

Our idea of proof follows [Kamath et al., 2022]. To obtain the accuracy guarantee of Algorithm 2, we first recall the
the relationship between the excess population risk of general SCO framework (shown in Algorithm 6) and the accuracy of
MeanEstimator it uses. We summarize the results in Lemma 17 and 18 for general convex population risk functions and the
population risk functions that are both strongly convex and smooth respectively.



Lemma 17. (Convex[Kamath et al., 2022, Theorem 3.1]) Suppose that MeanEstimator guarantees that, for any w € W,
H]E[VLDgw)} — VLp(w)|2 < Band E[|VLp(w) — VLp(w)||3] < V2. Under the Assumption 1, for any 1 > 0 the output
WP = 1 Y ey we satisfies

. A2 nR?2 V2
Expn alLp(wP™) —L N < —+ —+ — +AB.
X~pn A[Lp(wP™) D(w)],2nT+ 5Tt B
where w* = arg min,, Lp(w).
Lemma 18. (Strongly Convex[Kamath et al., 2022, Theorem 3.2]) Suppose that MeanEstimator guarantees that, for any

w e W, E[|VLp(w) — VLp(w)||s] < V. Under Assumption 1, and the further assumption that the population risk function
Lp(-) is a-strongly convex and B-smooth, if = ——, the output wP"" = wy satisfies

atp’
i a+pB (a+B)V
Ex~pn alLp(wP™) — Lp(w*)] < (1 — A+
Specifically, if we set T' = log( (azg)v )/ log( “z:fj;z")‘ﬁ ), the output wP'!" satisfies

(a+ B)%(A +1)2V?

IEXND7L7A [LD(wper) — L'D (w*)] é 20{262

where w* = arg min,, Lp(w).

To provide the performance guarantee on our DP-SCO algorithm, we need to obtain bounds for the gradient estimator that
hold uniformly over the choice of w € W. Specifically, we have the following results.

Lemma 19. Consider our Algorithm 2, the following holds for all w € W simultaneously:

1. HIEI [vip(w)} - VLD(w)H2 <0 (u+d(++) +u¢3)

. TY

- 2 _ 143v
2. B |[Vio(w) - Vinw)],] < 0 (2 +urt 5E 1ot

€ n 1+v

Proof. We start with the proving the first part. By the law of total expectation, we have E [VZD (w)} =
E {IE {VZD (w)|VZD(w)” =E {VED (w)} Thus, we only need to focus on the non-private pr(w). In order to ob-
tain the bounds that hold uniformly over the parameter space WV, we follow a standard covering net argument. Suppose the

d
parameter space YV is covered by a set of balls with radius . Then number of balls, denoted by V., is upper bounded by (%) ,

where A is the diameter of W. Let W, = {Wy, -+, @ Nw} denotes the centers of this covering. For an arbitrary w € W, there
exists some w € W, such that |jw — w||2 < . Then,

e [FEn] - Vzotw), = 1 [7En0] - ot <2 [¥Eote) 1010
<E|[|VIo(w) - VIo(@)| + |[VIo(@) - VLo(@)| + IVLo(@) - VLo(w)],] .

We bound each term in the last inequality above respectively. For the first term, we need to analyze how much the output of

the non-private estimator pr(w) changes when the input switches from w to w. According to the S-smooth assumption, for
each dimension j € [d] and batch k € [m], the average differs no more than 3. For each dimension j, the median differ no
more than 5. Summing over all the dimensions,

|Vio@w) - Vio@)|, < v-Vd

For the second term, according to Theorem 3, with probability at least 1 — &,

HVED(@)—VLD(@)Hng Vi | urs <1°g§>1+”+u

Let &€ = (%), by union bound, with probability at least 1 — & - Ny > 1 — (%)%, forall @ € W,

v

T+v
u
+ 7_7

IVLo(@) - VLn(@): < O | Va u<



Taking expectation, we have

v

o [9ote) ~voi@] | <0 Vi (e (%55) T ) o (3)

7—’U

logg T
<o|Vd u+< n5> + =) 44,

Tv

where we assume R and A are constants. For the third term, by the smoothness assumption,
[VLp(w) — VLp(w)|ly < B7.

Summing up all three terms and taking v = # , we have
nTie

o
- ~ [ . dmEy d
HE [VLD(w)} —VLp(w)H2 <E [HVLD(w) —VLD(w)Hj <O (u e tulr ). 22)
nitv
Next, we prove the second part. By the Cauchy-Schwartz inequality, we have
~ 2 - - 2 ~ 2
E {HVLD(w) - VLD(w)HJ <9E [HVLD(w) - VLD(w)M +2E [HVLD(w) - VLD(w)M .

. . . ¥ T 2 8r2m?2d? 1. 1.25
According to the Gaussian mechanism, we know that E HVLD(w) — VLD(w)H2 < T In 2 =
102472 [log(2d)+2d log  An T0 ) | a2 T log 2:57+2

fost2t g(n M aTIox 252 by (22), we have

- I B A
E [HVLD(w)VLD(w)M < O( e e )
O

Based on the results above, we are able to show the upper bounds for Algorithm 2 by the appropriate choice of 7, 7 and 7.

Proof of Theorem 6.

S Aﬂ :
2’17T (en)m

dzias
nR20<A )

2 (en) T+
[ g AN L g
AB S O Au 1+v = —|— Au = S O A max{u’ ul+v } o ,
nitv (En) 1+v (Gn)m

144v 3+10v 3412v

2
7]]}2 5 A dz+2v Ayt d2720 . AUQ d 2+
) v 3u 3u
(En) 1+v R2 €l+vnltv R2 (en) 1+v

2

IN

~ 9 2 d% d32++122:
<O Amax{u,u1+l’}(( — + =) |-

6’)1) 1+v (gn) I+v

Combining all the terms together, we have

34120
Driv « ~ d2+2v

The proof then concludes by applying the results of Lemma 17. O

1
Proof of Theorem 7. Setting £ = 0.1 and 7 = (Ti;g) "™ in Theorem 3 gives the following corollary.

1

UeN

Corollary 1. Taking 7 = (—) in Algorithm 3, then with probability at least 0.9, the output fz of Algorithm 3 satisfies

Vd
1N T
Ifi—pllz =0 <u*/g(n) Tt ) 23)




For the DP-SCO in the strongly convex setting, for each iteration, the input of the mean estimator DPHDME is disjoint and
independent, with size of 7. Due to the choice of 7 in Algorithm 2, the Corollary 1 immediately guarantees the following
accuracy for Algorithm 2.

1

Lemma 20. Consider the Algorithm 2 with 7 = ( usn ) " Under Assumption 1, the following holds for all wy, t € [T:

VdT
~ ~ 1 T\ = 1o+ TN\ TH
E[VLp(w) — VLp(w)] < O ut \/8(%) T e (—n) : (24)
€
Note that 7" is poly-logarithmic on n and d. The proof of the theorem follows directly from the results of Lemma 18 O

C.2 Proof of Lower Bounds

Proof of Theorem 8. We first prove the theorem by studying the lower bound for DP mean estimation, which is shown in
Lemma 21. Then we show a reduction from DP mean estimation to DP-SCO.

Lemma 21. For any given v € (0, 1] and e-DP algorithm A, there exists a distribution D over R? with |[Ep[z] = pll2 < 1 and
sup;e (g Ez~n(|2;]" ] < u, such that when n > Quvd™ =" Je),

Evp Al A@) — lla] > 0 <¢&u (d)> .

€en

By Jensen’s inequality, the above yields

2 2 d e
E, o AllAG) — 3] = <ud (4) ) |

en

For any (e, 6)-DP algorithm A with ¢ < log%, there exists a distribution D with ||[Eplz;] = pll2 < u and
sup;j (g Ez~n[|z;|' 7] < u, such that when n > Q(uv 4 /log %dlﬁv /€)

2v
o
) . dlog 3
By Al AG) — 2] > @ [urtea | V2

en

Proof. We adopt the packing argument from [Barber and Duchi, 2014]. A binary code of length d is a set © C {0,1}¢ and
each § € © is a codeword. The weight of a binary codeword 6 is the number of 1’s in 6, i.e., |{i : §; = 1}|. We say a binary
code is a constant weight code if each § € © has the same weight. Given § € O, let Qy = (1 — p) Py + pPy for some p € (0, 1],

where Py is a point mass on {D = 0} and Py is a point mass on {D = (u/p)ﬁﬁ} Given Qy, let iy € R be the mean

of Qg, ie., o = Exng, [x]. According to the Gilbert-Varshamov bound for constant-weight codes (see, e.g., [Acharya et al.,
2021]), there exists a code © such that,

« The cardinality of O satisfies |©| > 215 <,
* Forallg € ©,0 € {0,1} with ||0]|; = 2.
* Forall 01,05 € ©, dyam (01, 02) = 37, 1[(61); # (62);] > <.
We first compute the norm of ;9. Note that for all § € ©, ||ug]|2 is the same, which is denoted by .

. [d .

1
lrollz = IEangs [2]llz = umpT7y /5 =0

Let x ~ Q9 we have

14w 1 14w
sup Epogollz; "] <p- ((u/p) 1+”) = u.
JEld]

Now, we are able to bound the error. Define the family D, (1) of heavy-tailed distributions supported on R by

D,(1) £ {D|suppD CR? and E,plz;|'T"] < 1Vj € [d]}.



Note that |©| > 275 %. Furthermore, V0 # 6, || 16 — pior |2 > 2¢ and drv(Qu, Q) = p. Thus, by Lemma 14 with ®(x) =
and p as the ¢o-norm difference we have

Ma(OD(1), Q.11 €) 2 53 By alIQQX) — polla) = emingt, 1) = aurte vapris ming, 120
\@| = eenp ecnp
(25)
Take p = Q(min{1, -2 }) we have the result. Next we just enforce ||1z9||2 = ¢ < 1. This holds when n > Quv d " /€).
For (e, §)-DP, by Lemma 15 we have

2

(n p* +np(l —p)) +log2

MO (10). Q. s €:0) > 157 3 Bxcmcg @ll(QX)—polla) > Qe vpris -
= Skl
(26)
Take p = Q(min{1, 7%1?%}) we have the result. Next we just enforce ||up|l2 = ¢ < 1. This holds when n >
Q(uv /log %d%/e). O

Now we back our proof. We focus on the (¢, §)-DP (it is the same for § = 0). By Lemma 21 we know that there exists a
distribution D with Ep[2] = p, ||ull2 < 1 and sup;¢ g Eznpl[|2|' 7] < u, such that

2v
T+o
) o dlog%
Eoop alA@) — pl3] > Q [ umd | —F

en

For this distribution D, we consider the following SCO Lp(w) = Eyp 3|l — w||3. We can see that VLp(w) = Eyplz —
w] = p — w. Since ||p]]2 < 1 we can se that w* = arg min, ey Lp(w) = p and

* 1 *
Lp(w) - Lp(w*) = SEsupl|lw — 2|3 — 0" — ]3]

2
= SEomnllwl — 2w, 2) + ol ~ o3 + 240, 2) — )]
= Sl 2w, w) — [ + 26w w))
= 2 (ol — 2w, w) + w*[3)
= 2l — w3

Thus we have

2v

) 1 ) ,/dlogl e
priv * priv * (12 —= o
Ep aLp(wP™) — Lp(w*) = §E||w —w*lz3> Q| utd | —

B en
O

Proof of Theorem 9. We first prove the private term (the second term). Again, we adopt the packing argument. Given 6 € ©
with [|0]]; = 4 and 6 € {0,1}, let Q9 = (1 — p)Py + pPy for some p € [0, 1], where P is a point mass on {D = 0} and
Py is a point mass on {D = (u/p)lJ%vG} Let ug be the mean of Qy, i.e., ug = Eyq,[z]. Additionally, we define fip be the
normalization of pyg, i.e., fig = ”# T, - Note that fig is in the same direction as j9, with llZe]l2 = 1. By the Gilbert-Varshamov
bound for constant-weight codes, there exists a set © such that

« The cardinality of O satisfies |©| > 215 ¢,
* Forall0 € ©,0 € {0,1}¢ with ||, = ¢.
¢ For all 917 02 S @, dHam(el, 92) Z g



For V8 € ©, ||ug|2 is the same, which is denoted by .

1 v d
litoll = WExmaslelle = urbrpmse /2 2.

Without loss of generality, we assume the parameter space ||W||2 = 1, which is a unit ball. Then we define the loss function
l(w,x). Given § € © and = ~ Qy, we let
lw,z) = —(w, ),
and
Lq, (w) = Eenqq [U(w, z)] = —(w, po).
Note that ¢ is both convex and smooth. Let  ~ Q. Note that V4(w, x) = —z and E[V{(w, x)] = —pue,

SUp B, [|V0(w, )| 7] = sup Epng,[| - 25/"*) < p- [(u/p) 7] = .
jeld] jeld]
Define the family D, (u) of heavy-tailed distributions of = supported on R¢ by
D,(u) £ {D|suppD CR? and E,p[|(X,e;)|"™] <wu, Vje[d}.
Next we bound the error of SCO.
sup E |Lp(w”") — min Lp(w)] E [L (wP™) — min Lg, (w )]
DeD, (u) weWw |@| 926(:9 Qo wew Q8
> s o) — (w p“vvlm)}
I@I Z { IIMII
|@| Z E ||/’L||2 - <,wpr1v - ,U,@)]
[2C]
|6| Z]E lellz - (1 = (wP™, fig))]
0co
|@| 5 B [l 013 + ol - <wmiv,ue>>}
)
1 : .
. . priv _ & 12| — priv _ =~ |2
= o S 3l I ] = G g S [~ )

where the first inequality comes from the fact that the worst case loss is no smaller than the average loss, the second inequality
is due to the fact that fip = arg miny,ew Lo, (w) = —(w, wp), and the third inequality comes from the fact that || wP"|[ < 1
and ||ig|l2 < 1. Note that |©] > 219, and for V6,6, ||ig — fig'|]2 = (1), Drv(Qg, Qo) = p. Thus, by Lemma 14 with
®(x) = z and p as the ¢5-norm difference we have

er : @
Z E ||wIJ — fgll5 } Q(min{1, el‘oelp 3]

06@

Take p = Q(min(1, -)), we have

‘@| ZE’ |,wpr1v /'69” } ( )

[4SC]

E[Lp(u?™) — min Lp(w)] > Q1) -+ =0 <¢E {1, (d> }> '

wew

Then,

For (¢, 0)-DP, by Lemma 15 we have

2
41§g%(“272 +nv(1—7)) +log2

E wprlv /149 > Q1




- L
Take p = Q(min(1, Y45

ne

)), we have
li'u
) \/dlog %
E[Lp(wP™) — min Lp(w)] > Q1) -t =Q Vdu™ min{ 1, [ Y2

)

wew en

D Proofs in Section 6
Proof of Theorem 10. For the guarantee of DP. First recall that for any 0 < €, < 1, the Peeling mechanism Algorithm 4 is
(e, 8)-DP if the input vector v(D) satisfies ||v(D)]|c0 < A

Lemma 22 (Lemma 3.3 in [Cai et al., 2021]). If for every pair of neighboring datasets D, D’ we have ||[v(D) —v(D’)||cc < A,
then Algorithm 4 is (e, §)-DP.

Since in each iteration of Algorithm 5 we use a new data. Thus, it is sufficient to show it is (€, §)-DP in each iteration. Since
we have for any neighboring data X ~ X'
2Bns
3m

[w ™t —w" oo = [Ing(w' ™, Xo) = ng(w' ™", X))o <

Thus, by Lemma 22 we can see it is (€, §)-DP.
In the following we will proof the utility. For simplicity we will omit the subscript r in w,., A,.. Before the proof, let us first
recall two lemmas related to the output of Algorithm 5.

Lemma 23 (Lemma 3.4 in [Cai et al., 2021] ). Let S and {w; }{_; be defined is Algorithm 5. For every Ry C S and Ry C S°
such that |R;| = |Rz| and every ¢ > 0, we have

lvr, 3 < (1 + ¢)llvr, II3 + 4(1 + ) > llwill%

1€[s]
where v is the input vector of Algorithm 5.

Lemma 24 (Lemma A.3 in [Cai et al., 2021] ). Consider in Algorithm 5 with input vector ¥ and the index set S. For any index
set I, any v € RI/I which is a subvector of ¥ and ¢ such that ||17||0 < § < s, we have that for every ¢ > 0,

N
los = oll3 < (1 + )|I| b —ol3+ 401 +¢) Y [lwil%
1€[s]

We denote ¢ = g(wt, X;) and ¢! = VLp(w?), St = supp(w?), St = supp(w'*!), $* = supp(w*) and I' =
SIS U S*. We can see that [S*] < s, [S™!| < 2and |I'] < 2s + s*. We also denote W' = 437, |lwi||%, where
{wi} are the vectors in Algorithm 5 in the ¢-th iteration. We let ng = 2 for some 1.

Then the smooth Lipschitz property we have

Lp(wt'H) — Lp(wt)
< (™ —wt, g + 2w - wt

2
= (Wi — wie, ghe) + *Ilw“rl —wie3
< Tt = b+ Ll - Ll B+ (0 - ) —ut, g @)
First, let us focus on the third term of (27)
(W~ g = (Wl g — when |y sesghenr s
(wtsﬂl Weert, Ggerr) + <wf$\15t+1 - wtst\st+179tst\st+1>
<th4;+11 wt5t+1a9fqt+1> - <wf§t\5t+1a9§t\5t+1>- (28)
From the definition we know that w'™! = @'+ 4 @Wge+1, where W' = (w! — n9g’) ge+1. Thus,
(Wt —w', g") = <wf$+11 Weest, Ggerr) + (Wser1, Ggrar) — <wgt\st+1 - gtS"\St“>' 29



For the first term in (29) we have

<w.t5j+11 - tht+1agf§’t+1> = <_770§t3t+1agfgt+1> = _Q<§gt+1 5 gfgt+1>

)

n Ui
= = llgGesil3 = ~ (G5 — g5err, ggern)
gl gl
n n n
< *;Ilgtsm I3 + %Ilgtsm I3 + %”%Hl — g5en

n U
= *%Hggtﬂ 13+ %H%m — g3

Take (30) into (29) we have for ¢ > 1

n n ~ 1
(W —w',g") < —gllgémllé + Z”%M — ggin [l + cll@ge |l + @Hgémllé - <wgt\sﬂ+1 - ggt\3t+1>~

For the last term of (31) we have

2l n n
—<w§t\st+1 - gfgt\st+1> < %(Hw%t\sm - ;gtst\st+1||§ - (5)2||9f9t\5t+1||3)

gl n 2 7 2
= %Hwtst\sw1 - ;gét\smllz - ﬂl\gét\smllx

In Lemma 23, let v = w! — %?f, Ry = SH\S'™ and Ry = S**1\St. We have for ¢ > 1
oo — Labeysens B < (14 D) lubenr e — Zasesrsell3 + (14 W
St\St+1 ,Ygst\swrl 2 S c St+1\ St 795t+1\5t 2 .
Since for every ¢ > 1, (1 — 1)[lal|* = (¢ = D)[|b]|3 < [la + ]| < (1 + 1)/lal|3 + (1 + ¢)||b]|3 we have

n n
(1= 2lwsgees = ;gét\sm I3~ (c~ 1)$Ilgét\st+1 — Ggngen I3

1 1 1
< ||U’f9f«\st+1 - ;?Jgt\swl I3 < 1+ E)”wgf«“\sf - ;%Hl\st“% + (1 +c)W!
1 ¢ U 2 n? t ~ 2 t
<1+ E)[(l +1/c)|lwgernge — JIsernse 12+ (1 + C)?Hgst\swl = gsnger 2] +2(1 + )W
That is

n c+1)? 1
Jubisens = Labingion B < S fubonse = LobeonselB

(c+1)2 ce(l+¢)

+ (c+ p—

Ui
)%(Hggt\sm - %t\stﬂ I3 + ||9f9t+1\st - %Hl\st 13) +

Thus

(c+1)?
— <wgt\st+l —gtst\st+1> < 207

ey B

2 +3
n (2¢+3)n

ve(l +¢)
2n(c—1)

(30)

€29

(32)

(33)

Wt

(c—
Ui
wt— ZHQtSt\sm H% + T(Hggt\sw - gfét\sw1 H% + Hggwl\St - %Hl\sf ||§)-



Thus in (31) we have

(W — ', gty < —%Hggm 13 + %n%m — ghurs |3+ cll@ger I3

+ @Hggﬂrl H% - <wf§t\st+1 - ggt\st+1>

Ui n - 1 n
< —gllgtsm 13 + ZH%M — gsen |3 + cll@gen ||5 + @Hgtsm 13— %Hggm 113

(c+1)2 n (2¢+3)n
m*”ggm\y I3 + T(Hggt\sm — snserll3 + lgsean\ st — gy gell3)
n 3c+1 n
= ||gst+1\StH2 Q,Yﬁ”gstﬂ\st“z vllgtst\smllé - %Hgts“rl”%
ve(l +¢) _
+ @Hgsm 2 Mme—1) %”%Hl — gsen |3 + cllwge |3
2c¢+3)n
+ ZEEM gt g = Gl + lebeonyse = T )
n n 11 n  n3c+l
= 3 llgbienor 1 = 3 loboy s = ghllgbenn 1 + (G + 5 + 50 lbeo
ve(l + ¢ 7 _ 2c+ 3)n
# 20t g ool + e+ EED gl g = G sennlB + lobeonyse = s )
Nt
n n n n
< gllgéwl\st\l% - ﬂllgtst\smﬂg - ﬂ\\gtsmllg + Cl%l\gtsmllg + N7, (34)

where C'; > 0 is some constant. We can easily see that
SEllgkeansell3 = 5= g seetll3 = 5= gkt 15 = =5 llghoseo 13 = 5 llghers 5013
2y \ 2y \ 2y 2y \ 2y N

U
—%Hggtﬂust\\%

In total 0 "
<wt+1 —w',g") < —gHgtsm USt”g + Cl%HgtStHH% + N1 (35)
Take (35) into (27) we have
2
n n
Lp(w'™) — Lp(w') < *Ilwt+1 —wpe + ngtH% - g”gﬁtllg + (=)™ —uw' g
? 1—n)n (L—mn)n
<7 tHL ot QttQ_i tt2_( n t A2+ C Mgt
< S llwi Wyt + 791 12 27”91 12 2y lgs +1ys 12+ Ch c ,YHQS 12
+ (1 —n)N?
2 2 1— )
<7 Lt ﬂtt2_i . *2_7771“ _( mn t 112
< S llw wre + 791 12 27”91 \(styUs )||2 27”9(5 2 %y 195041 us 12
+cl( D ghunl+ (- N
t+1 t N ¢ n? ¢ 2 n? ¢
*||w —wye + ng||2 - g”gzt\(stUS*)Hz - a”g(st
1—mn)n (L—m)n
= gty B+ 2 Db+ (1 - v, 36)

where the last 1nequahty is due to ST\ (S* |J S?) C Slﬁ+1 U S?. Next we will analyze the term 3 [|wif' — wt, + 2 295 13—
ann\(st \S**1 such that |R| = [I*\(S* U SY)| = |STH\ (S U S*)|. In Lemma 23,
we take v = w' — 2g%, Ry = Rand Ry = I*\(S*|J S?) we have for ¢ > 1,

Y

N~

M~ 1
[|wh — 795{“2 (1+o)ll(w’ —;9 3)imsusnlls + (1+E)Wt~ (37)



Just as in (33) we have is for ¢ > 1,

2
n
( ) ngf\ (S*USt) ||2 (1- *)||wR 7952”% —cW' - C?(H?R - 95%”3 + ||9§t\(5* ust) — ?It\(S*Ust)H%)-

Then we have

,H t41 R
Wy — Wpe + 791t||2 - 27”91”\(5‘

ptHl 11_1 t N2 ﬁwt
2l (1= Dllwk— 2ol +

< Hwse 3+ :

¢ M t2
—wf,+fgf,||—
I ’VI 2

2 2
n n
+ C*(H?R —gzll3 + ||9§t\($* ust — %\(S* Ust)”g) + C?(H?R — gzll3

” At+1 _7H ~At+1

—wip + 91*”2 _wR+,ng||2 ||wst+1H2+ Pyt

2
Y
%Hw% - ;Q%H% + Cﬂ(”?fz«z — g3+ ||g§t\(5* ust — g;t\(s* Usq”%)

o B
7” t4+1 (

n Lom Yie
LN w?t\R + ;9?«\3”% T 5 1+ E)H;gﬁt\(s* Ust)”% + §stt+1 [

2
e Y n
+ 3Wt + %(1 +o)Wh+ Czcﬂ(”fﬁ% —gzl3 + ||9§t\(s* ust — gﬁt\(S* Ust)”g) :

Ny

(38)

(39)

(40)

(41)

(39) is due to that [} — (wf, — Zg})]serr = 0, thus (@gra, Wf — (wh, — Zgf.)) = 0 and (38). (40) is due to Wy =0,
(41) is due to (37) by the same technique as in (33) and w}t\( s Ust) = 0. In the following we will consider the ﬁrst term in

(41).
In Lemma 24, take v = w}t\R — %ﬁ}t\R, 0 =w*, S = St we have forall ¢ > 1

*

” Nt |I \R‘

N ¢ N~ 2 t
: ¢ ¢ 1 —_— — Wyt — gyt 1 we*.
Wre\ R — Wi\ g+ 791 \R||2 (1+ )|It\R| Hw Wre\p + 791 \ellz +(1+0)

Then we have

Lo n n
(1- *)Hwﬁ\lpz wfrt\R + ;gfn\RH% —(c— 1)?”9?\}2 - %t\RHg

N n
< Hwﬁr\R Wi g + ;@?t\a\lé

[I'\R| —

[I'\R| — s*
[I\R| — s
[I'\R| — s*

* n
<(1+2) * —wﬁt\R+;a§t\R||§+<1+c>wt

2
n n
<1+ ) [(1+ )Ilw — Wi g + ~ g1\ g3 + (1 + )5 ll97n g — Gra\gl3) + (L +c)W?
Y v
That is

(c+1)? 2s*
clc—1) s+ s*

|| ~t+1

n n
Wrig — wfrt\R + ;gﬁt\R”z < [lw* — wfrt\R + ;9?\3”3

+ (c+1)*n? ~ g ~t 2, (I+c)c

n
c_1 2||91t\R glt\R||g+C?Hg§t\R_ng\RH2+

Take ¢ > fff, and since [I*\R| < 2s* + s, we have

~t41 n 3 2s” * t U 2
[\ 5 — “’It\R"’ gIt\R||27 25+ s ——|w _wlt\R—i_;gIt\R‘b

+ CBC(HQN\R - glt\R”z + ||91t\R - glt\R”g +Wh.

Ny

(42)



Take (42) into (41) we have

t+1

2
i n n
§szt — whe + ;9?”% - ZHQ?\(Sf«US*) 7

3ys* * t U 2 vy 1.7 4 o Vi~ )
< m”w — Wi+ ;ta\R||2 + %(1 + E)H%glt\(S*USt)”Q + §||wst+1 5
NG Ny (43)
3ys* . n 9 Y 1.7 )
:m”w —wgt\R"i‘;gﬁf\RHQ‘f'%(1+E)H;gt3t+1”2
Yo~
+ §stm||§ + N{+ N! 44)
3s” * t .t v * t12 772 t 112 772 1 t 2
= - 5 - = t —(1 - "
e (n(w” —w', g") + S flw” — w5 + angf 12) + 2w( + 2 )lgsenll3
+ U@sens 3 + N + NS s)
3™ v —np n? 2 1
L * 7L t * t)12 A tt 2 e 1 1 t, 2
< (L (w”) = Lp(w") + ——[lw" —w'5 + 2wngI 12) + 2w( + 2)lgsesll3
+ 2 @senr 3+ Nf + N )
N3

Take (46) into (36) we have

2 2
Y n n n
Lp(w'™!) — Lp(w') < §||w§f1 —wie + 59?”3 - %Hggt\(stus*)”% - %HQ@US*)HS

(1—=mn)n (1-m)n
— gy lgsens: usolls +Cr— ;IIgtsmllﬁ +(1—n)N?
3 (L) — Lo@) + Tt — w2+ T lgh D) + 2 (1 + e 3
— s+ s* 2 2cy 2cy c =k
2
n (1—mn)n (1-m)n
- Zﬂgfst Us+) 5 - Ty 195411 (5+ Ust)”% +Ch p ;||9t3t+1 509501115 + (1 —n)N* + N. (47
‘We have when ¢ — oo
2
n 1 (1-n)n
7207(1 + E)Ilgém 13+ C1 . ;Ilgém I3 — 0.

Thus, if n > % there must exits a sufficient large c such that

2
U 1 2, =m) 1 m 2 _n(l—n) 2
g (1 D)l 4+ + 5Dllobe 13 < Tl
2
n 5 (I=m)n 2
< @HQ@US*) 2+747 195+1\ (s~ U sty Il (48)
Thus,
t+1 o Yttt ot e T s M 2
Lp(w™) — Lp(w') < 5”“’; — Wy + ;gItHQ - %HQN\(StUS*) 2~ %Hg(SfUS*) 2
(L —n)n (L—m)n
g g5\ (s U sy l13 + C1— ;llgtst+1||§+(1—n)Nt
3s* v = np n?
< I N _ T, t )2 t 112
< S () ~ o) + 5t w3+ 5T gk )

(1—m)n
Tﬂggtﬂ\(s* Usylls + (1 =n)N* + N3, (49)

2
- ngtS‘ S* % -
4y (stUs+)



Taken = 2, s 72%5 so that S?jfs* < 24%‘; oy <

Lo(w'™) - Lp(w') <~ (n(Lp(w*) - Lp(w')) + L1 Sl t||2+f||gp||>

s+ s*
~ I gt eyl = L g1 3+ (1 - mN* + N
4’}/ g(StUS*) 2 47 gst+1\(s*ust) 2 n 2
2s* u? 1
< L N L t = w2 + —lgt, 1|12
< A (Lo(w) - Lo(w) + -l — o'+ g lghl
Ly 2 Loy 2 t ¢
- %Hg(StUS*)H2 - 7187“9&“\(5* Ushllz + O(N*+ Ny)
2s” * t 3 t 2 - )2 ¢ t
< 515 (Lp(w*) — Lp(w")) — 7367(H9(5tUS*)||2 - Z”w —w'[|3) + O(N" + Ny) (50)
2s*
< L — L ¢ O(N! + NY). 51
< (5 + P Lo(w) — Ip(w) + ON' + M) s

Where (50) is due to the following lemma:
Lemma 25. [Lemma 6 in [Jain et al., 2014]]

l9(s¢ %I\w* —w'|3 > %(Lo(wt) = Lp(w")). (52)
Thus
Lp(w'™) = Lp(w*) < (1 - %%)(Lp(wt) — Lp(w")) + O(N* + N).
Where
NH4%§6>ZIWM2 +(2s+57)17" = g'lI% + sll@lIZ), (53)
E

where each coordinate of w;, w sampled from ~ Lap(O(% v:logg)) We first bound the term of Zie[s] lw;|2, + s||w]|2.
We recall the following lemma:

Lemma 26 (Lemma A.1 in [Cai et al., 2021]). For a random vector w € R?, where w; ~ Lap()), then for any £ > 0,
1
Pr(||lw||%, > 422 log? 7 log?d) < €.

Take the union we have with probability at least 1 — &,

3T B?s? log 5 L]pg? Ls
2

> lwill% + @)% < O

1€[s]

n2e

For s||g* — ¢*||%, due to the assumption on the moment and (5) we have with probability at least 1 — ¢

2Bl1-vylog? Blogi TB“vulogd B2T?log?l 2
<2s+s*>||?—gf||é<<2s+s*><\/T+ T ) = Ol ). 59

Thus, we have with probability at least 1 — 2¢,

TB'vulog ¢ 2 T?B%slog § log2 Is
N'+ Nt =O(s(————% Y

(55)

n B2v 2n2e2
e
_ yune

Take B = O(<T10g 2\/@) ) we have
—\ —\
. T lo . Tlogé slogl ‘ Tlogé slogl ’

N 4N =0 | sERuth( &ym+wm B Al — 0| sus [ 28V
n Yne yne

(56)



In total we have for all ¢ € [T'] with probability at least 1 — &,

) Tlog%,/slog% o
Lp(w™) = Lp(w*) < (1*5)@73( w') = Lp(w")) + O | sut — e

Tloggw/slog% o
Lp(w™) = Lp(w*) < (1 - “)T“(Lﬂwl)—LD(w*)Hog Bl —Y 7

- SU 1+v
12 yne

Take T' = 5(% logn) and s = O((%)Qs*) we have the result. O

Proof of Theorem 11. We first show the following result:

s logd

Lemma 27. For any (¢, 0)-DP algorithm A, there exists a distribution D over E,p[z] = p with ||p|lo < s* and
sup;c (g Ez~p(z;| ] < u, such that

Esop,allAlz) - pll2] > Q <u+ min <1, }) :
By Jensen’s inequality, the above yields

By, AllAG) — w2 0 (u mm{l, (Fe) }) .

For any (e, §)-DP algorithm A, there exists a distribution D over E,.plz] = p with [[uflo < s* and sup;¢ (g Eanp |z, ] <

u, such that
2v
1/ s*logdlog % o
1 =~ O O

2 .
EIND,A[”A(QU) - N”%} > Q| 4™ min , "

Proof. We first recall the following lemma:
Lemma 28. [[Raskutti et al., 2011]] For any s* € [d], define the set
H(s*) = {z € {=1,0,+1} | |l2[lo = 5"}

with Hamming distance pg (z, 2’ ) = Zf 1 1[z; # z}] between the vectors z and z’. Then, there exists a subset H C H with

cardinality || > exp(5 log 4= 75 ) such that pg(z, 2') > 5 forall z, 2" € H.

We denote the index set © = \/T?H where H is in Lemma 28. We can see that for any 6,0’ € © we have [|0 — /||, > /2
and each ||0]|2 < 1. For each 6 we construct the following distribution: Py := (1 — p)Py + pPy € P with some p € [0, 1],
where Let P be a point mass distribution supported on X = 0, let Py be a point mass supported on X = (%) 45 0. We can see
that B, p,[||z]|57°] < wand ||usllo = |Ez~p,[z]]lo < s*. Thus, Py € D, o (u), where the family D, .- (u) of heavy-tailed
distributions of 2 supported on R¢ by

Dys-(u) 2 {D|suppD CR? and E,up[[(X,e;)|*™] <wu,Vj€[d and [[Epuplz]fo < s}

Moreover we have || — pg/||2 > \/ﬁpﬁ ulJ%u forall 6,60" € ©, and Dy (Py, Py) < p. Thus, by Lemma 14 we have

w1 o
Ma(0(Dosr (), @ - ll2:€) 2 157 Z x~pp QUIQMX) = poll] = QpTuT mm{lvel'oﬁllp})- 57

USC]

Let p = Q({1, < log 1) we have the result for all e-DP algorithms.
For (e, 9)-DP, by Lemma 15 we have

2

Gg% (n?p? + np(1 — p)) + log 2
log O]

M (0(Do,s+ (1)), Qs [ -[12, €, 9) 2 g ZEX~P QUIQX) —pe[]] = QpTHru
0cO
(58)

Take p = Q({1, ¥—=2 =" log dlog }) we have the result. O

ne



Now we back to the proof, we can reduce the problem to mean estimation for each D € D, 4« (u), where Lp(w) =
Es~p[3]lz — wl|3]. Note that VLp(w) = Eyuplz] — w. Thus w* = E;plz] € W and Lp(wP) — L(w*) = 1E[JwP™ —
E,~p[z]|2. By Lemma 27 we complete the proof.
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